Abstract. We consider semi-orthogonal decompositions of derived categories for 3-dimensional projective varieties in the case when the varieties have ordinary double points.
Introduction
The bounded derived category of coherent sheaves D b (coh(X)) of an algebraic variety X reflects important properties of the variety X. The abelian category of coherent sheaves (coh(X)) can be identified to X itself, but D b (coh(X)) has more symmetries and the investigation of its structure may reveal something more fundamental. If X is a smooth projective variety, then D b (coh(X)) satisfies finiteness properties such as finite homological dimension, Home-finiteness, and saturatedness ( [5] ). A birational map like blowing up is reflected to a semi-orthogonal decomposition (SOD) ( [4] ). Even singular varieties with quotient singularities can be considered in the same way by replacing them by smooth Deligne-Mumford stacks ( [9] , [10] ), and we observe the parallelism between the minimal model program (MMP) and SOD.
But recently we found that the category D b (coh(X)) for a singular variety X may have nice SOD when the singularities are not so bad ( [11] , [13] , [8] ) at least in the case of surfaces. The paper [8] shows that the structure of D b (coh(X)) is quite interesting at least in the case of a rational surface with cyclic quotient singularities.
In this paper we calculate the case of dimension 3. We expect that there are still richer structures in dimension 3. We mainly consider 3-fold with an ordinary double point (ODP). There are two cases; Q-factorial and non-Q-factorial. We will see the difference in the following. We note that an ordinary double point is Q-factorial if and only if it is (locally) factorial. We also note that an ordinary double point on a rational surface is never factorial, but there are rational 3-folds with factorial and non-factorial ODP's.
We first recall some definitions and theorems on generators of categories in §2 and the triangulated category of singularities D sg (X) of a variety X in §3. We calculate triangulated categories of singularities in the case of ODP in §4. Then we prove the following in §5: Theorem 1.1 (= Theorem 5.1). Let X be a Gorenstein projective variety, let L be a maximally Cohen-Macaulay coherent sheaf on X which generates D sg (X), and let F be a coherent sheaf which is constructed from L by a flat non-commutative (NC) deformation over the endomorphism algebra R = End(F ) such that Hom(F, F [p]) = 0 for all p = 0. Then D b (coh(X)) has an SOD into the triangulated subcategory generated by F , which is equivalent to D b (mod-R), and its right orthogonal complement which is saturated, i.e., the complement is similar to the case of a smooth projective variety.
We apply the theorem to the case where X is a 3-fold with only one ODP which is not Q-factorial, and calculate the structure of D b (coh(X)) in §6: Theorem 1.2 (= Theorem 6.1). Let X be a 3-dimensional projective variety with only one ODP which is not Q-factorial. Assume that there are reflexive sheaves L 1 , L 2 of rank 1 such that dim H 0 (X, Hom(L i , L j )) = δ ij and that H p (X, Hom(L i , L j )) = 0 for p > 0. Assume moreover that L 1 , L 2 generate the triangulated category of singularities D sg (X). Then L 1 , L 2 generate an admissible subcategory of D b (coh(X)), which is equivalent to D b (mod-R) for a 4-dimensional non-commutative algebra R, such that its right orthogonal complement is a saturated category.
In §7, we calculate some examples. We give two examples where the assumptions of Theorem 6.1 are satisfied, and then we consider examples where the singularities are factorial ODP's. In the latter case, non-commutative (NC) deformations ( [11] ) of L do not terminate and do not yield suitable coherent sheaf F . Indeed the versal deformation becomes a quasi-coherent sheaf corresponding to an infinite chain of coherent sheaves. In the appendix, we make a correction to an error in a cited paper [11] on NC deformations.
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Generators
We collect some definitions and results concerning generators of categories and representabilities of functors. T denotes a triangulated category in this section.
A set of objects E ⊂ T is said to be a generator if the right orthogonal complement defined by E ⊥ = {A ∈ T | Hom T (E, A[p]) = 0 ∀p} is zero: E ⊥ = 0. E is said to be a classical generator if T coincides with the smallest triangulated subcategory which contains E and closed under direct summands. E is saids to be a strong generator if there exists a number n such that T coincides with the full subcategory obtained from E by taking finite direct sums, direct summands, shifts, and at most n − 1 cones.
T is said to be Karoubian if every projector splits. The idempotent completion or the Karoubian envelope of a triangulated category is defined to be the category consisting of all kernels of all projectors.
A triangulated full subcategory B (resp. C) of T is said to be right (resp. left) admissible if the natural functor F : B → T (resp. F ′ : C → T ) has a right (resp. left) adjoint functor
is said to be a semi-orthogonal decomposition (SOD) if B, C are triangulated full subcategories such that Hom T (b, c) = 0 for any b ∈ B and c ∈ C and such that, for any a ∈ T , there exists a distinguished triangle b → a → c → b [1] for some b ∈ B and c ∈ C. In this case, B (resp. C) is a right (resp. left) admissible subcategory. Conversely, if B (resp. C) is a right (resp. left) admissible subcategory, then there is a semi-orthogonal decomposition
T is said to be Hom-finite if i dim Hom(A, B[i]) < ∞ for any objects A, B ∈ T . A cohomological functor H : T op → (Mod-k) is said to be of finite type if i dim H(A[i]) < ∞ for any object A ∈ T . A Hom-finite triangulated category T is said to be right saturated if any cohomological functor H of finite type is representable by some object B ∈ T . A right saturated full subcategory of a Hom-finite triangulated category is automatically right 3 admissible and yields a semi-orthogonal decomposition ( [3] ). In a similar way, we define homological functor of finite type and a left saturated category which is automatically left admissible. If T is Hom-finite, has a strong generator, and Karoubian, then T is right saturated ([5] Theorem 1.3). Let T be a triangulated category which has arbitrary coproducts (e.g., infinite direct sums). An object A ∈ T is said to be compact if
for all coproducts λ B λ . We denote by T c the full subcategory of T consisting of all compact objects. If X is a quasi-separated and quasi-compact scheme and T = D(Qcoh(X)), then T c = Perf(X), the triangulated subcategory of perfect complexes ([5] Theorem 3.1.1).
T is said to be compactly generated if (T c ) ⊥ = 0. If T is compactly generated, then E ∈ T c classically generates T c if and only if E generates T ( [14] , [5] Theorem 2.1.2).
Theorem 2.1 ([15] Theorem 4.1 (Brown representability theorem)). Let T be a compactly generated triangulated category and T ′ be another triangulated category. Let F : T → T ′ be an exact functor which commutes with coproduct:
Then there exists a right adjoint functor G : T ′ → T :
Orlov's triangulated category of singularities
We recall Orlov's theory of the triangulated category of singularities. Let X be a separated noetherian scheme of finite Krull dimension whose category of coherent sheaves has enough locally free sheaves, e.g., a quasi-projective variety. Orlov defined a triangulated category of singularities D sg (X) as the quotient category of the bounded derived category of coherent sheaves D b (coh(X)) by the category of perfect complexes Perf(X):
The triangulated category of singularities behaves well when X is Gorenstein:
is a Gorenstein complete local ring of dimension d, then the local duality theorem says that 
, and let N be an integer such that Hom(P, G[i]) = 0 for all locally free sheaves P and all i > N , e.g., N = 0 if G is a sheaf and X is affine. Then
where R is the subspace of morphisms which factor through locally free sheaves P such as
Proof.
[16] Proposition 1.21 assumes that G is a sheaf. But this assumption is not used in the proof. We note that N depends on G. . Let V be a separated regular noetherian scheme of finite Krull dimension (e.g., a smooth quasi-projective variety) and let f : V → A 1 be a flat morphism. Let W = V × A 2 and let g = f + xy : W → A 1 for coordinates (x, y) on A 2 . Let X (resp. Y ) be the fiber of f (resp. g) above 0. Let Z = {f = x = 0} ⊂ Y , and let i : Z → Y and q : Z → X be natural morphisms. Then 
Triangulated categories of singularities for ordinary double points
We calculate triangulated categories of singularities for varieties with only ordinary double points.
Therefore we have Hom Dsg(X 0 ) (V 1 , V 1 ) ∼ = k which is generated by the identity Id. It follows that D sg (X 0 ) is already idempotent complete.
The translation functor takes V 1 → V 1 and Id → Id. The exact triangle are only trivial ones. 
. Since the multiplication map z : M z → M z is factored as M z ∼ = zB ⊂ B → B/(w), we have z ∈ R in the notation of Theorem 3.2. Therefore we have Hom Dsg(X 1 ) (M z , M z ) ∼ = k which is generated by the identity Id z .
Since
The translation functor takes M z → M w and Id z → Id w . The exact triangle are only trivial ones. Example 4.3. We consider another 1-dimensional scheme Y 1 whose singularity is analytically isomorphic to that of X 1 but not algebraically.
Let
There are 2 points of
The kernel of this homomorphism is equal to (w, z)C ′ , which is isomorphic to C ′ as a C-module. Indeed we have w − zt = 0 and wt = −z 2 − z, etc. Therefore we have an exact sequence
as C-modules, where a C-module homomorphism on the left hand side is mapped to the image of 1 by the homomorphism. We note that a C-homomorphism is determined by the image of 1 because C ′ → C is birational. Since the multiplication map z :
The translation functor takes C ′ → C ′ . The exact triangle are only trivial ones.
There is an idempotent (1
We rewrite the equation of X 2 to xy + z 2 = 0. There is an equivalence Φ 1 :
3) which is given as follows. Let Z 1 = Spec(k[y, z]/z 2 ). Then there are natural morphisms q 1 : Z 1 → X 0 and i 1 : Z 1 ⊂ X 2 . The equivalence is given by
Let L = {x = z = 0} be a line on the surface X 2 through the origin. L is a prime divisor which is not a Cartier divisor, but 2L is a Cartier divisor.
There is an exact sequence
Example 4.5. We consider X 3 . This is the case of a non-Q-factorial 3-fold.
We rewrite the equation of X 3 to xy + zw = 0. There is an equivalence Φ 2 :
3) which is given as follows. Let Z 2 = Spec(k[y, z, w]/zw). Then there are natural morphisms q 2 : Z 2 → X 1 and i 2 : Z 2 ⊂ X 3 . The equivalence is given by
and L ′ = {x = z = 0} be planes on X 3 through the origin. They are prime divisors which are not Q-Cartier divisors.
Example 4.6. We consider a 3-dimensional scheme Y 3 which is analytically isomorphic to X 3 at the singular points but not algebraically. Y 3 is Q-factorial, hence locally factorial, because the fundamental group of the punctured neighborhood of the singularity is trivial. Let Y 3 be a 3-fold defined by an equation xy + z 2 + z 3 + w 2 = 0. Y 3 has an ordinary double point which is Q-factorial.
There is an equivalence Φ ′ 2 :
3) which is given as follows.
is spanned by F . The completion of Y 3 at the singular point is isomorphic to that of X 3 , and the completion of F corresponds to that of
Semi-orthogonal decomposition for a Gorenstein projective variety
The following is the main result of this section:
Theorem 5.1. Let X be a Gorenstein projective variety, let L be a maximally CohenMacaulay sheaf on X, let F be a coherent sheaf which is a perfect complex on X, and let R = End X (F ) be the endomorphism ring. Assume the following conditions: (1) There is an equivalence T ∼ = D b (mod-R), the bounded derived category of finitely generated right R-modules. (2) There is a semi-orthogonal decomposition
(1) and (2) . We define functors between unbounded triangulated categories Φ :
in the following, where D(Mod-R) denotes the unbounded derived category of right R-modules which are not necessarily finitely generated. We set Φ(•) = • ⊗ L R F , where lower R stands for the tensor product over R and the upper L for the left derived functor, and Ψ(•) = RHom X (F, •). That is, we define Φ(A) = P * ⊗ R F as complexes for a K-projective resolution P * → A in D(Mod-R), and Ψ(B) = Hom X (F, I * ) as complexes for a K-injective resolution B → I * in D(Qcoh(X)). Since F is flat over R and perfect on X, these functors induces functors
denotes the bounded derived category of right R-modules which are finitely generated. 8 We have
Therefore Φ and Ψ are adjoints. We have
Thus adjunction morphism A → ΨΦ(A) is an isomorphism, and Φ is fully faithful. Let T ′ be the image of Φ, i.e., the triangulated subcategory of D(Qcoh(X)) generated by F . Then we conclude that there is a semi-orthogonal decomposition
By restriction, we deuce that Φ 0 is fully faithful and Ψ 0 is its right adjoint. Therefore we have (1) and (2). We needed the unbounded version of the statement for the following proof of the assertion (4).
(4) We modify the proof of [5] Theorem A.1. We note that T ⊥ is Hom-finite because it is contained in Perf(X). It has also a Serre functor given by ⊗ω X [dim X]. Hence it is sufficient to prove that T ⊥ is right saturated.
(T ′ ) ⊥ has arbitrary coproduct, and it is compactly generated by T ⊥ = (T ′ ) ⊥ ∩ Perf(X). Indeed, for any object 0 ∼ = B ∈ (T ′ ) ⊥ , there is A ∈ Perf(X) such that Hom X (A, B) = 0. By (2), there is a left adjoint functor Ξ :
We use [6] Lemma 2.14. Let H : (T ⊥ ) op → (mod-k) be any cohomological functor of finite type. We define G = DH :
, where the colimit is taken for all morphisms from all compact objects C ∈ T ⊥ . DG ′ is represented by an object A ∈ (T ′ ) ⊥ by the Brown representability theorem. Since DDH = H on T ⊥ , we deduce that H is represented by A.
We have to prove that
We take an embedding p : X → P n , and let
Then we have H ′′ (B) = Hom X (Ξ 0 p * t(B), A) = Hom(B, A ′ ) for any B ∈ D b (mod-S), i.e., H ′′ is represented by A ′ . Therefore our assertion is reduced 9
, and we are done.
Remark 5.2. We will use the theorem in the case where F is obtained as a versal noncommutative deformation of a simple collection L as described in [11] . In this case F is flat over the parameter algebra R = End X (F ).
We do not know how to generalize the theorem in the case where F is not necessarily flat over its endomorphism ring. Indeed we do not know how to prove that the functor Φ :
6. Non-commutative deformation on a 3-fold with a non-Q-factorial ordinary double point
We will apply Theorem 5.1 to a 3-fold with a non-Q-factorial ordinary double point. The following theorem says that the conditions of Theorem 5.1 are satisfied under some assumptions:
Theorem 6.1. Let X be a projective variety of dimension 3. Assume that there is only one singular point P which is a non-Q-factorial ordinary double point. Then there is a Q-factorialization f : Y → X, a projective birational morphism from a smooth projective variety whose exceptional locus l is a smooth rational curve. Assume that there are divisors
, the following conditions are satisfied:
(
for all p > 0 and all i, j. Then there are locally free sheaves F 1 , F 2 of rank 2 on X given by non-trivial extensions
(3) L is a Cohen-Macaulay sheaf which generates the triangulated category of singularities D sg (X). (4) L belong to the triangulated subcategory of D b (coh(X)) generated by F .
Proof. We consider 2-pointed non-commutative (NC) deformations of a simple collection (L 1 , L 2 ) ( [11] ). There is a spectral sequence
for any i, j. By the condition (3), we deduce that
for all p.
A neighborhood of the singular point P ∈ X is analytically isomorphic to that of the vertex of the cone over P 1 × P 1 in P 4 considered in [11] Example 5.6 (see also the last section). Since the sheaves L 1 and L 2 here correspond to the sheaves O X (0, −1) and O X (−1, 0) there, the extension space 0) ) there. By the argument there, there exists a locally free sheaf F 1 in an analytic neighborhood of P with the extension sequence as stated in the theorem, and similarly
, we deduce that these extensions exist globally on X.
We need to calculate Ext p (L i , L j ) for all p at P . For this purpose we need the following calculation:
Lemma 6.2. Let X ′ be the cone over P 1 × P 1 in P 4 as in [11] Example 5.6 (we use the notation X ′ in order to avoid a confusion). Let G 1 , G 2 be locally free sheaves of rank 2 on X ′ defined by non-trivial extensions:
Then the following hold:
(1) and (2) . Let D ∼ = P 2 be a prime divisor on X ′ corresponding to O X ′ (1, 0) such that there is an exact sequence
where O D (−P ) is the ideal sheaf of P on D:
The second assertion follows by symmetry.
(3) and (4). There are spectral sequences
Then by (1), we obtain natural isomorphisms
We have a commutative diagram of exact sequences
where the cokernels of the middle and right vertical arrows are isomorphic to O S (1, 0). By (1) we have isomorphisms
for all p > 0. The second assertion follows by symmetry.
(5) etc. We have a long exact sequence
We have a long exact sequence
By construction, the homomorphism
is injective. Hence we deduce
By symmetry we also obtain
Combining equations (6.3), (6.3) and (6.3), we obtain
hence our remaining results.
We go back to our original situation:
Proof. Since P ∈ X is analytically isomorphic to the situation of the lemma, we have isomorphisms between inner extension sheaves at the singular points. By the spectral sequence arguments, we obtain global assertions (1) through (4). We have exact sequences
In a similar way, we deduce that the homomorphisms Ext
are bijective, and we obtain Ext p (F 1 , L 2 ) = 0 for all p > 0. The assertions for F 2 are obtained by symmetry.
(7) follows from exact sequences
for all i, j and j ′ = j.
Remark 6.4. The 2-periodicity is a consequence of the equalitiesL
We go back to the proof of the theorem. (7) of the above corollary implies our assertion (1).
The assertion (2) is a consequence that F is an NC deformation of L. Then we obtain a functor Φ :
We note that the functor Φ is bounded because F is flat over R. The L i are images of the simple R-modules by Φ. Since D b (mod-R) is generated by R, so is the image of Φ by F , hence the assertion (4).
For the assertion (3), we consider the following exact sequences of local cohomologies:
Since the L i are reflexive, we have H p P (L j ) = 0 for p < 2. Since X is CohenMacaulay, we have H p P (F i ) = 0 for p < 3. Therefore we deduce that H Remark 6.6. Our construction will be generalized to higher dimensions X n with n ≥ 4 by using spinor bundles. Let n ′ = n − 1. On n ′ -dimensional smooth quadric Q, there are locally free sheaves Σ Q (resp. Σ + Q and Σ − Q ) of rank 2 m−1 for n ′ = 2m − 1 (resp. rank 2 m−1 for n ′ = 2m) called spinor bundles. There are semi-orthogonal decompositions ( [7] ):
By [18] , there are exact sequences
Correspondingly, there are Cohen-Macaulay sheaves Σ X (resp. Σ + X and Σ − X ) of rank 2 m−1 for n = 2m (resp. rank 2 m−1 for n = 2m + 1) on X = X n , and there are exact sequences Let X be a cone over P 1 × P 1 in P 4 defined by an equation xy + zw = 0. X has one ordinary double point P , which is not Q-factorial. Let O X (a, b) be reflexive sheaf of 15 rank 1 for integers a, b corresponding to the invertible sheaf
is invertible if and only if a = b. For example, a hyperplane section bundle is O X (1, 1). Let f : Y → X be a small resolution whose exceptional locus C is isomorphic to P 1 . Let D 1 (resp. D 2 ) be a general member of the linear systems |O X (0, 1)| (resp. |O X (1, 0) 
for some locally free sheaves G i of rank 2. Let G = G 1 ⊕ G 2 . Then G is a relative exceptional object over a non-commutative ring R of dimension 4 over k:
The multiplication of R is defined according to the matrix rule. There is a semi-orthogonal decomposition
7.2. 2 point blow up of P 3 . This is another example of a projective variety with a non-Q-factorial ordinary double point. Let g : Y → P 3 be a blowing up at 2 general points P 1 , P 2 , with exceptional divisors E 1 , E 2 . Let l be the strict transform of the line connecting P 1 , P 2 . Let f : Y → X be the contraction of l to a point.
Let H be the strict transform of a general plane on P 3 to Y . We have K Y = −4H + 2E 1 + 2E 2 , and f is given by the anti-canonical linear system | − K Y | which is nef and big. By the contraction theorem ( [12] 
By [1] and [4] , D b (Y ) is classically generated by a full exceptional collection
The following lemma shows that the conditions of Theorem 6.1 are satisfied:
Then the following hold.
We consider the case i = j. There is a commutative diagram of exact sequences
In the associated long exact sequences, we have
We have an exact sequence
Since the restriction homomorphism
We have
We will calculate the right orthogonal complement F ⊥ in the rest of the example.
We denote
) is generated by a strong exceptional collection consisting of the invertible sheaves (O X (C 1 ), . . . , O X (C 5 )).
We have
Hence the first 5 and the latter 3 are semi-orthogonal, and these 8 objects make an exceptional collection.
We prove that these objects classically generate D b (coh(Y )). Let T be the full triangulated subcategory of D b (coh(Y )) classically generated by the above exceptional collection. By the exact sequences 0
and O Y (−2H) can be included in the set of classical generators of T . From the exact sequences
The following lemma says that the direct image functor Rf * for a birational morphism f is almost surjective for the bounded derived categories of coherent sheaves if Rf * preserves the structure sheaves: Proof. By the assumption, we have Rf * Lf * ∼ = Id on D(Qcoh(X)). Let A ∈ D b (coh(X)) be any object. Then we have Lf * A ∈ D − (coh(Y )). We take a large integer m and consider a natural distinguished triangle for truncations:
We have a morphism Rf * (h) : Rf * (τ <−m Lf * A) → Rf * Lf * A ∼ = A. Since Rf * is bounded and A is bounded, Rf * (h) = 0 for sufficiently large m. It follows that A is a direct summand of Rf * (τ ≥−m Lf * A) in D(Qcoh(X)) because D(Qcoh(X)) is Karoubian by [2] :
Since Rf * (τ ≥−m Lf * A) ∈ D b (coh(X)), we conclude that A belongs to the Karoubian completion of the image of Rf * . 20
Let G be the set of exceptional objects which classically generates D b (coh(Y )) in Lemma 7.3. We will prove that Rf * G generates D b (coh(X)). Let A ∈ D b (coh(X)) be any object. We need to prove that, if Hom(Rf * G, A[p]) = 0 for all p, then A ∼ = 0.
We know that A is a direct summand of Rf * B for some object B ∈ D b (coh(Y )). Since G classically generates D b (coh(Y )), we deduce that Hom(Rf * B, A[p]) = 0 for all B and all p. Then it follows that A ∼ = 0.
Remark 7.5. It is interesting to calculate the derived categories of varieties which are obtained by blowing up P 3 at more than 2 points. Especially, if we blow up 6 or more points, then the blown-up varieties have moduli. It is interesting to determine the semiorthogonal complement of the trivial factors in this case.
7.3. Locally factorial case. We consider an example of a 3-fold with a Q-factorial ordinary double point. We will see that similar arguments to the non-Q-factorial case do not work because NC deformations do not terminate.
We start with an example of a singular curve:
Example 7.6. Let X be a nodal cubic curve defined by an equation (x 2 + y 2 )z + y 3 = 0 in P 2 . Let P ∈ X be the singular point and let ν : X ′ → X be the normalization. Then X ′ ∼ = P 1 and H 1 (O X ) = k. We consider non-commutative deformations of a Cohen-Macaulay sheaf
From an exact sequence 0 → O X → L → O P → 0, we consider an associated long exact sequence to obtain
Since X is Gorenstein, we have
Therefore from another associated long exact sequence, we obtain
The versal NC deformation of O P on X is given by the completion of X at P . Its parameter algebra is given by k[[x, y]]/(xy). The versal NC deformation of L is given by an infinite chain of smooth rational curves. It is the inverse limit of the sheaves L i,j for i, j → ∞ defined in the following way. L i,j is the direct image sheaf of an invertible sheaf L ′ i,j on a chain of smooth rational curves of type A i+j+1 , where the degree of L i,j on the m-th component is equal to 0 for m = i + 1, and to 1 otherwise. The parameter algebra for L i,j is given by k[x, y]/(xy, x i+1 , y j+1 ). In particular NC deformations of L do not stop after finitely many steps. 21
We consider a locally factorial surface:
Example 7.7. Let π : Y 2 → P 2 be a double cover whose ramification divisor is a generic curve of degree 6 with one node at Q ∈ P 2 . Then P = π −1 (Q) ∈ Y 2 is the only singular point of Y 2 . We claim that P ∈ Y 2 is a factorial ordinary double point. This construction and the following argument is communicated by Keiji Oguiso. Let Y ′ → Y 2 be a minimal resolution with an exceptional divisor E. Then Y ′ is a K3 surface, and the Neron-Severi lattice is given by N S(Y ′ ) = ZH ⊕ZE, where H is the pull-back of a line on P 2 , due to the genericity of the ramification divisor. We have (H 2 ) = 2, (E 2 ) = −2, and (H, E) = 0, hence P ∈ Y 2 is factorial.
We note that an ordinary double point on a rational surface, say S, is always nonfactorial (though 2-factorial). Indeed the Neron-Severi lattice of its resolution S ′ → S is always unimodular since H 2 (O S ′ ) = 0. Hence there is a curve on S ′ whose intersection number with the exceptional curve is odd, and its image on S is not a Cartier divisor.
Let l be a generic line in P 2 through Q, and let C = π −1 (l). Then C is an irreducible curve of genus 1 with a node. Let ν : C ′ → C be the normalization, and let L C ′ be an invertible sheaf on C ′ of degree 2. Then there is a surjective homomorphism
L is a reflexive sheaf of rank 2 which is locally free except at P . We obtain H p (L) = 0 for all p from a long exact sequence. C has two analytic branches at P , and L is analytically isomorphic to a direct sum of reflexive sheaves of rank 1 near P .
We have exact sequences
Since Y 2 is Gorenstein with ω Y 2 ∼ = O Y 2 , we have by the Grothendieck duality
Thus L is a simple sheaf on Y 2 . The NC deformations of L do not stop after finitely many steps. Indeed the two analytic components extend in an infinite chain as in the previous example. Now we consider a 3-fold with a Q-factorial, hence factorial, ordinary double point: Example 7.8. Let X 0 be a cubic 3-fold in P 4 with coordinates (x, y, z, w, t) defined by an equation x 3 + 3xy 2 + w 3 − 3t(xy + z 2 + w 2 ) = 0. 22
The singular locus of X 0 consists of 2-points P = (0, 0, 0, 0, 1) and P ′ = (0, −1, 0, 0, 1) which are ordinary double points. Let g : X → X 0 be the blowing up at P ′ with the exceptional divisor E ∼ = P 1 × P 1 .
The local equation of X at P can be written as
x(x 2 + 3y 2 + y) + z 2 + w 2 + w 3 = 0.
Hence X is a projective variety with one Q-factorial ODP. Let D 0 be a prime divisor on X 0 defined by x = 0. Then D 0 has an equation We will prove that L is a simple sheaf, i.e., End(L) ∼ = k. We have dim H 0 (O X ) = 1, H p (O X ) = 0 for p > 0, dim H 0 (O D ′ (l)) = 2 and H p (O D ′ (l)) = 0 for p > 0. Therefore we have H p (L) = 0 for all p. We have an exact sequence
by the Grothendieck duality. From a long exact sequence, we deduce
Since D ∼ O X (1) − E on X, we calculate 
is injective. Therefore
hence L is a simple sheaf.
We consider NC deformations of L. The successive extensions of L become an infinite chain as in the previous examples so that they do not stop after finitely many steps. Thus we do not obtain an SOD unlike the case of non-Q-factorial ODP.
We note that there is an extension F of L by L which is locally free. But F has still an extension by L, and the successive extensions by L do not stop. 8 . Appendix: Correction to [11] We correct an error in [11] . In Example 5. The only thing which is left to be proved is the semi-orthogonality. But we have RHom(O X (−d), G(−d)) ∼ = RH(X, G) = 0.
There are more information in [13] and [8] .
